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The static response of thin, wrinkled membranes is studied using both a tension ﬁeld approximation
based on plane stress conditions and a 3D nonlinear elasticity formulation, discretized through 8-noded
Cosserat point elements. While the tension ﬁeld approach only obtains the wrinkled/slack regions and at
best a measure of the extent of wrinkliness, the 3D elasticity solution provides, in principle, the deformed
shape of a wrinkled/slack membrane. However, since membranes barely resist compression, the discret-
ized and linearized system equations via both the approaches are ill-conditioned and solutions could thus
be sensitive to discretizations errors as well as other sources of noises/imperfections. We propose a reg-
ularized, pseudo-dynamical recursion scheme that provides a sequence of updates, which are almost
insensitive to the regularizing term as well as the time step size used for integrating the pseudo-dynam-
ical form. This is borne out through several numerical examples wherein the relative performance of the
proposed recursion scheme vis-à-vis a regularized Newton strategy is compared. The pseudo-time
marching strategy, when implemented using 3D Cosserat point elements, also provides a computation-
ally cheaper, numerically accurate and simpler alternative to that using geometrically exact shell theories
for computing large deformations of membranes in the presence of wrinkles.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Membranes are widely used in marine, space and terrestrial
technology. They are especially attractive for space applications
due to their light weight, high strength to weight ratio and ease
of stowing and deploying. Membranes, owing to their negligibly
small thickness, cannot sustain compressive stresses beyond a cer-
tain minimum level. This typically leads to local buckling and thus
wrinkles may formwherever compressive stresses tend to develop.
The presence of wrinkled (and or slack) regions considerably inﬂu-
ences the static and the dynamic behavior of space systems (e.g. an
inﬂatable antenna deployed aboard a satellite) containing mem-
branes. Hence it is imperative to develop numerically accurate, sta-
ble and computationally efﬁcient methods for the prediction of
wrinkled and slack zones within a membrane.
1.1. Brief review of past literature
Many research articles have, over the years, appeared on mod-
eling and numerical analyses of wrinkled membranes. One such
approach, based on tension ﬁeld theory, aims at obtaining only
the wrinkled/slack zones of a deformed membrane by employingll rights reserved.
: +91 8023600404.a plane-stress setup. To start with, Wagner (1929) used this ap-
proach to estimate the maximum shear load that could be carried
by a ﬁne web in an ‘I’ or box girder. Mansﬁeld (1968, 1970) refor-
mulated the theory by replacing the strain energy used in the ten-
sion ﬁeld approximation by a suitably relaxed strain energy
density. In 1961, Stein and Hedgepeth proposed a theory for a
partly wrinkled membrane. Here, it was postulated that all com-
pressive stresses were eliminated completely with the formation
of wrinkles and the major principal stress was non-negative (ten-
sile) everywhere in the membrane. Miller et al. (1985) also pro-
posed an algorithm for partly wrinkled membranes to predict the
stress–strain behavior.
Based on plane stress theory, Wu (1978) proposed a model for
membrane wrinkling (limited only to isotropic cases) wherein
the deformation tensor was modiﬁed by introducing an extra
parameter. This parameter could be computed based on the condi-
tion that stress was zero normal to the wrinkling direction given by
the tension rays. For anisotropic cases, Roddeman et al. (1987)
modiﬁed the deformation tensor introducing a so-called ‘wrinkli-
ness’ parameter that measured locally the stretching (this is, tech-
nically, the non-orthogonal part of the polar decomposed form of
the deformation gradient) needed to bring a wrinkled portion back
to the just-taut state. This strain/displacement modiﬁed deforma-
tion gradient tensor did not affect the strain energy functional
and thus resulted in a correct state of stress in the membrane.
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that all the approaches were essentially the same. The last author also
proposed a model based on virtual elongation and virtual shear of the
membrane to estimate the real strain in the wrinkled region.
1.2. Recent developments
Recently, a weak solution has been attempted for wrinkled/
slack membranes through a novel mesh-free, polynomial repro-
ducing method (Shaw and Roy, 2007a). A Cosserat point approach,
applied within the tension ﬁeld setup, has also been attempted to
simulate these structures (Banerjee et al., 2009a) under general-
ized plane stress conditions. However, a limitation of the tension
ﬁeld approach is that the structural shape (i.e. out-of-plane defor-
mation) of the wrinkled membrane cannot be obtained.
The above limitation of a tension ﬁeld schememay be overcome
byusingashell theory that should, inprinciple, enable theprediction
of wrinkle amplitudes and wavelengths, albeit with signiﬁcantly
more computational resources.Work in this direction has advanced
sharply with the advent of different shell elements capable of treat-
ingmembraneandshear locking in suchstructures.Anearlyattempt
of this typewasmade by Tomita and Shindo (1998). They used plate
bifurcation theory to predict the out-of-plane deformation of the
wrinkled surface with isoparametric shell elements.
Accounting for bending stiffness, even though very small, is
important in capturing the wrinkled shape. An important aspect
of a successful numerical treatment of the wrinkled shape is to ini-
tiate the membrane to bending coupling, for example, through an
initial proﬁle with out-of-plane deformation. Tessler et al. (2003,
2004, 2005) and Papa and Pellegrino (2005) proposed using an ini-
tial proﬁle with random imperfections to initiate such coupling.
Leifer and Belvin (2003) used small amplitude out-of-plane forces
to initiate the buckling mode. The eigenvalues and eigenvectors
corresponding to a linearized buckling analysis may also provide
useful information on the choice of the initial proﬁle (Wong and
Pellegrino, 2002b; Wong et al., 2003).
Use of rotation-free shell elements (Linhard et al., 2007), where-
in the curvature is approximated via the displacement compo-
nents, has also been attempted. Using an aluminized Kapton
membrane, Wong and Pellegrino (2002a, 2004, 2006) conducted
analytical, experimental and numerical studies (the latter involv-
ing 4-noded thin shell elements) to assess the out-of-plane
deformation due to wrinkling. Wang et al. (2007) considered the
out-of-plane deformations of rectangular membranes. Weinberg
and Neff (2008) used a geometrically exact shell model and intro-
duced an artiﬁcial viscosity parameter in the update of ﬁnite
rotations to simulate wrinkled membranes.
The fact that the membrane hardly resists compression typi-
cally leads to ill-conditioned systemmatrices that could be difﬁcult
to invert. Presence of slack regions in the membrane may thus re-
sult in (nearly) singular stiffness matrices (derivable following lin-
earization of the nonlinear discretized equations) leading to
difﬁculties in the numerical solution. Also, given that eigenvalues
(or singular values) in the lower end of the spectrum could be very
close to zero, discretization as well as linearization errors could be
ampliﬁed whilst inverting the nonlinear system equations. Lee and
Youn (2006) have shown that, by introducing a pseudo-dynamic
method for self-starting (involving second order time derivatives),
the Newton–Raphson method produces stable updates without
requiring the application of stress.
1.3. Outline of present paper
In this paper, a pseudo-time relaxation strategy employing an
exponential time integrator (similar to a Krylov subspace method)is developed and explored numerically for geometrically nonlinear
wrinkled and slack membranes, modeled using both a tension ﬁeld
framework and a strictly 3D nonlinear elasticity approach. In the
process, it will be shown that the pseudo-dynamical integration
helps arrest the numerical corruption owing to the ill-conditioned
nature of the system equations. Such a Krylov subspace technique
employing exponential integrators has been recently exploited by
Schulze et al. (2009) in the context of the Navier–Stokes equations.
They have shown, in particular, that the formal order of conver-
gence can be maintained whilst relaxing the restriction on the
time-step size. They also show that the method is especially suit-
able for responses involving different scales such as low-Mach
ﬂows. A somewhat similar approach for ill-posed inverse problem
has recently been investigated by Banerjee et al. (2009a,b), where-
in the nonlinear update equations for the unknowns are re-framed
into a set of ordinary differential equations (ODEs) through the use
of a pseudo-time variable. The steady state solution of such ODEs
then yields the desired reconstruction. The fact that exponentia-
tion is used while deriving the time-stepping algorithm enables a
geometrically consistent progression on the associated (nonlinear)
Lie manifold and thus provides a ‘natural’ stabilization for the
problem at hand (Banerjee et al., 2009a,d). Even the oft-used Land-
weber iterations, which correspond to an explicit Euler time dis-
cretization of a system of ODEs describing the artiﬁcial dynamics
of an inverse problem (Vogel, 2002; Ascher et al., 2006; Doel and
Ascher, 2006), have a self-regularized character depending upon
the time-step.
The present work on wrinkled membranes is largely motivated
by these developments. In the ﬁrst part, a membrane model
through the tension ﬁeld setup is used to solve the resulting plane
stress problem via discretization through ﬁnite elements followed
by pseudo-dynamical recursions on the discretized equations. Here
the approach by Roddeman et al. (1987) is adopted, wherein a
modiﬁed deformation gradient corresponding to a (ﬁctitious)
just-taut state is employed to prevent compressive stresses from
occurring in the numerical model. A brief account of this approach
is provided in Section 2.
The aim in the second part of this work is to capture the wrin-
kled shape of such structures by using a 3D nonlinear elasticity
model that avoids approximations inherent in all current shell
theories due to the loss of one dimension and to exploit the pseu-
do-time relaxation scheme for inverting the associated equations.
Towards discretization of the elasticity equations deﬁned over a
bounded domain, we use the concept of Cosserat points (8-noded
Cosserat point elements, in particular). This is the main contribu-
tion of this paper.
The speciﬁc advantages of the Cosserat point theory in han-
dling incompressibility and hour-glassing have been reported
by Nadler and Rubin (2003b). Moreover, the integration-free nat-
ure of the formulation gives it an edge over most other compet-
ing schemes requiring integration of the weak form. As to the
speciﬁc advantages of a 3D formulation over a shell model, men-
tion may be made of the ability to use the original form of the
3D constitutive functional and the avoidance of additional rota-
tional variables, typically used with geometrically exact shell
theories. Moreover, in order to account for all the deformation
modes under a large deformation scenario, higher order shell
theories are used (e.g. Arciniega and Reddy, 2007a,b) and this
may be contrasted with the universality of displacement-only
3D formulations.
Section 3 provides a brief outline of the 8-noded Cosserat point
element. An account of the exponentiation integrator in pseudo-
time is given in 4. Section 5 veriﬁes the proposed numerical
schemes with examples. The present work is concluded in Section 6
with a set of remarks.
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For completeness, the conventional wrinkling theory by Rodd-
eman et al. (1987) and modiﬁcations by other researchers (Kang
and Im, 1997, 1999; Miyazaki, 2005) are brieﬂy described.
Wrinkles (uni-axial) on a thin membrane surface are the result
of local buckling due to compressive stress ﬁelds. However, within
tension ﬁeld theory, deformations due to compressive stresses can-
not be computed and any numerical modeling must be consistent
with the following fundamental assumptions:
(1) plane stress conditions are applicable;
(2) ﬂexure does not introduce stresses in the membrane;
(3) the membrane is not able to resist compressive (negative)
stresses and, if such stresses tend to appear, the membrane
will wrinkle.
Accordingly, the governing equations in a wrinkled region may
be taken as the membrane equations subject to the constraint that
one of the principal stresses is zero. Satisfying this constraint re-
quires introducing additional variables (stretching parameters) to
modify the constitutive equations.
Let F be the deformation gradient corresponding to the true de-
formed shape of the wrinkled membrane (that allows for negative
stresses). It is possible to modify F via the stretching parameters,
thereby resulting in strictly non-negative stresses (Roddeman
et al., 1987). In Fig. 1(a), part of a wrinkled membrane is shown.
Dotted lines denote a ﬁctitiously deformed conﬁguration that cor-
responds to the wrinkled membrane being stretched to a just-taut
condition. The true and ﬁctitious surfaces are energy-equivalent in
that they lead to the same strain energy density within the tension
ﬁeld theory. In Fig. 1, n1 is the direction in which the real principal
(Cauchy) stress is compressive (negative). By the presently adopted
convention, tensile Cauchy stresses are considered positive. As
ﬂexure is assumed to introduce no stresses, the state of stress in
the membrane segment would be the same if it were stretched
to a just-taut condition (i.e. by appropriately stretching it in the
n1 direction (Fig. 1b)). The following scenarios are now possible.
(B1) r1, r2 > 0: wrinkling does not occur and the membrane is
taut
(B2) r1, r2 < 0: bi-axial wrinkling occurs and the membrane is
slack
(B3) r1 = 0, r2 > 0: uni-axial wrinkling occurs and the wrinkle is
oriented along the n1 directions (Fig. 1a). The vector n2 locally
determines the direction of the tension ray.
Here r1, r2 are the principal Cauchy stresses. Following Roddeman
et al. (1987), the deformation gradient of the ﬁctitious, non-wrin-a
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Fig. 1. (a) A wrinkled membrane part with deformed length L0 and ﬁctitious non-wrink
membrane part in the plane determined by n1 and n2.kled membrane segment (as in Fig. 1b), which corresponds to
non-negative principal stresses, is given by:
F0 ¼ ½Iþ cðn1  n1ÞF; ð1Þ
where the scalar parameter c is a measure of the stretching required
along n1. A similar modiﬁcation for the ﬁctitious deformation gradi-
ent as in Eq. (1) is possible, in principle, for analyzing slack regions
(i.e. regions with bi-axial wrinkling) as well (Shaw and Roy,
2007a,b, Banerjee et al., 2009c). In particular, one may introduce
two parameter functions c1 and c2 so that the expression for the
modiﬁed deformation gradient becomes:
F0 ¼ ½Iþ c1ðn1  n1Þ þ c2ðn2  n2ÞF: ð2Þ
Following this, we work with the geometrically nonlinear Cauchy-
Green strain tensor, deﬁned through F0 (see Shaw and Roy, 2007b
for further details on the implementation of the tension ﬁeld ap-
proach). Three different criteria have been used generally for the
analyses of wrinkles; viz. the stress criterion, the strain criterion
and the stress–strain criterion (all based on the principal stresses
and strains). Through numerical analysis, Kang and Im (1997,
1999) have veriﬁed that the stress–strain criterion is the best for
wrinkle analysis.
3. 8-Noded Cosserat point element
The general kinematics of 3D Cosserat point and the associated
balance laws (Nadler and Rubin, 2003a) are now brieﬂy reviewed.
Let X0 ¼ X0 [ oX0  R3 be a closed, simply-connected body with
Lipschitz-continuous boundary and P0i 2 X0 be a point surrounded
by a region P0i ¼ P0i [ oP0i  X0 such that X0 ¼
S
i2IP

0i
. Let
X ¼ X [ oX  R3 be the region occupied by the body in its current
conﬁguration. Let there be a 1-1 map x^ : X0 ! X with P 2 X
and P ¼ P [ oP  X being the unique images of P0 and P0 on X,
respectively. Let d0 be the position vector of P (Cosserat point) with
respect to some inertially-ﬁxed reference frame (Fig. 2). For an
8-noded Cosserat point element, the position vector of any point
in Pmay be represented as:
xðh1; h2; h3Þ ¼ d0 þ h1d1 þ h2d2 þ h3d3 þ h1h2d4 þ h2h3d5
þ h1h3d6 þ h1h2h3d7: ð3Þ
Here hi (i = 1,2,3) denote the convected coordinate system in P
with origin at P and di (i = 1,2,3) represent three linearly-indepen-
dent directors attached to P. di (i = 4–7) are the additional directors,
required to describe the inhomogeneous deformation. In the stress-
free reference conﬁguration, position vectors are represented as:
Xðh1; h2; h3Þ ¼ D0 þ h1D1 þ h2D2 þ h3D3 þ h1h2D4 þ h2h3D5
þ h1h3D6 þ h1h2h3D7; ð4Þb
led 
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Fig. 2. 8-Noded Cosserat point with deformable directors.
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ated with P0. The dependent directors (i.e. Di (i = 4–7)) represent
inhomogeneous deformations in the reference conﬁguration. For a
stress-free (i.e. without initial stress) conﬁguration with regular
brick elements, Di = 0 (for i = 4–7). However, for irregular shaped
brick elements these dependent directors are not zero. Also physi-
cally these directors help characterize the inhomogeneous strain
measures in the reference conﬁguration.
Now considering Di and di to be the contravariant counterparts
of Di and di, respectively, the homogeneous part of the deformation
gradient is:
F ¼
X3
i¼1
di  Di: ð5Þ
In the Cosserat point framework, the so-called ‘deformation gradi-
ent’ remains constant even while accounting for the inhomoge-
neous deformation. In the process, one deﬁnes an auxiliary
deformation gradient F (Nadler and Rubin, 2003a) as:
F ¼ F Iþ
X4
i¼1
bi  Vi
 !
; ð6Þ
where Vi (i = 1,2,3,4) represents integrated geometric entities over
space that involve space dependent base vectors. bi provide a mea-
sure of the inhomogeneous deformation (Nadler and Rubin, 2003a),
deﬁned as:
bi ¼ F1diþ3  Diþ3 for ði ¼ 1;2;3;4Þ: ð7Þ
Inhomogeneous strains are normalized along the three independent
directors. For details of this representation and speciﬁc forms of Vi,
see Nadler and Rubin (2003a). Denoting the mass of each Cosserat
point by m, the balance of linear momentum and director momen-
tum (omitting the inertia effects) may be written as:
mbi þ f i  ti ¼ 0; ð8Þ
where i = 0,1, . . .,7. Here bi is the body force associated with the
Cosserat point, fi is the external director couple due to surface trac-
tion on the boundaries of the Cosserat point and ti is the intrinsic
director couple (Rubin, 2000). It may be shown that the balance
of angular momentum leads to symmetric Cauchy-type constant
stress tensors.
A crucial step is to split the 3D strain energy functions into
homogeneous and inhomogeneous parts. For a general, elastic,
Cosserat point, the strain energy function may be written as:
U ¼ P C
 
þWðC;biÞ; ð9Þ
where C ¼ FTF;P is a measure of the strain energy evaluated at C
and W is the inhomogeneous part of U. Assuming that stress isindependent of the rates and material dissipation vanishes for an
elastic Cosserat point, the volume-averaged stress (T) and intrinsic
director couple (ti) may be determined from a hyperelastic constitu-
tive relation as:
d1=2T ¼ 2mF oP
oC
FT ; ti ¼ mFT oW
obi
for ði ¼ 4;5;6;7Þ;
ti ¼ d1=2T
X7
j¼4
tj  dj
" #
di for ði ¼ 1;2;3Þ with t0 ¼ 0:
ð10a;b; cÞ
Splitting of the strain energy enables one to obtain the constitutive
coefﬁcients associated with the inhomogeneous strain energy for
different modes of deformation (e.g. pure bending, torsion and
hour-glassing) with the help of analytical or experimental solutions.
In the process, the unphysical modes associated with locking and
hour-glassing are removed. This is an accomplishment that is still
elusive in existing FEM formulations with conventional strain en-
ergy functions. However, a disadvantage is in the non-uniqueness
of the functional form of the inhomogeneous strain energy and this
may pose difﬁculties while extending this model to nonlinear mate-
rial constitutive laws.
4. A pseudo-dynamical relaxation scheme
Issues such as the presence of slack regions in membranes and
the ability of membranes to barely resist compression, lead to
near-singular system matrices resulting in numerical difﬁculties
in their inversion. A possible remedy to this problem is to remove
the rank deﬁciency of the singular systems by adding an extra term
as the regularizer, which essentially improves the condition num-
ber of the system.
Consider the problem of evaluating response vector function
uðxÞ; x 2 X  Rd governed by a system of (linearized) partial dif-
ferential equations (PDEs). Following the (ﬁnite element based)
discretization of the PDEs, let U 2 Vu  Rn denote the resulting ﬁ-
nite-dimensional (nodal) discretization of the response ﬁeld u(x).
The associated discretized form of the PDEs is given by KU = f,
where K is the system (stiffness) matrix and f is the source (force)
vector. If K is strictly singular (as is the case with the tension ﬁeld
approach in case when one or more elements are entirely slack) or
nearly singular (as is the case for discretization of the 3D elasticity
equations via Cosserat points), inverting K to obtain U could be
rendered practically impossible. As a way forward, a Tikhonov reg-
ularizer may be used, thus modifying the discretized equations to:
ðKþ kIÞU ¼ f; ð11Þ
where k is the regularization parameter and I 2 Rnn is the identity
matrix. It is well-known that the formal accuracy of the solution of
u
A
A'
L 
= 
10
00
 m
m
a
b
Fig. 3. (a) The undeformed membrane. (b) Distribution of wrinkled/slack zone
(blue: taut, red: wrinkle, brown: slack). (For interpretation of the references to color
in this ﬁgure legend, the reader is referred to the web version of this paper.)
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ularization parameter k. Moreover, in the context of nonlinear PDEs,
wherein the linear discretized representation (as in Eq. (11)) is only
locally valid, a spurious modiﬁcation of the discretized operator
through regularization may, in principle, result in bifurcation to a
‘wrong’ (physically inadmissible) solution.
We propose circumventing these difﬁculties through a pseudo-
time relaxation so that the solution of KU = f can be recovered as
the steady state solution of the following system of ODEs:
_Uþ KU ¼ f: ð12Þ
Here over-dot represents a time derivative. The above form intro-
duces an artiﬁcial dynamics into the system and, in the steady-
state, we have _U ¼ 0 so that the desired solution is recoverable as
U ¼ limt!1UðtÞ ¼ K1f provided that det(K)– 0. We will also con-
sider the case of det(K) = 0 shortly in what follows. We note that
constructing such a pseudo-dynamical system is not unique and
many possibilities exist. However, using the ﬁrst order time deriv-
atives alone to derive the system (Eq. (12)) enables the use of expo-
nential integrators and thus may be viewed as a Krylov subspace
scheme.
4.1. Numerical implementation
In the context of geometrically nonlinear, thin, membrane
equations, the discretized equations must be locally linearized
using directional derivatives before employing the pseudo-dynam-
ical approach. Keeping in mind that recursion over each pseudo-
time step has a different directional derivative, it should sufﬁce
to explain the approach over the time interval (ti, ti+1] with Ui being
the available solution at t = ti. Now, keeping only the ﬁrst two
terms in the Taylor’s expansion, the update, U(t)  Ui, t 2 (ti, ti+1],
is given by the following equation:
riðUiÞ þ KiðUiÞðU UiÞ ¼ 0; ð13Þ
where Ki ¼ ofoU

U¼Ui is the tangent stiffness matrix and ri is the resid-
ual force vector evaluated at the linearization point Ui 2 Rn. If we
use U = Ui+1 in Eq. (13), we arrive at the usual Newton scheme that
enables obtaining a sequence of updates through the inversion of Ki.
An immediate advantage of introducing artiﬁcial dynamics (and
hence to replace iterations by recursion over pseudo-time) is to
avoid inverting such near-singular matrices. Since updates over
pseudo-time would involve exponential integrators, the artiﬁcial
dynamics may evolve on an invariant manifold (a Lie manifold)
and thus, if properly implemented, enable development of robust
numerical schemes that may not diverge. Also of relevance is the
observation that the well-known Landweber iterations, which cor-
respond to an explicit Euler time discretization of a system of ODEs
describing the artiﬁcial dynamics of an ill-posed inverse problem
(Doel and Ascher, 2006), have a self-regularized character depend-
ing upon the time-step.
Motivated by these observations, the pseudo-dynamical coun-
terpart of the Newton iterative update Eq. (13), valid over t 2
(ti, ti+1], is formed as:
_UðtÞ þ KiðUiÞðUðtÞ  UiÞ þ riðUiÞ ¼ 0: ð14Þ
The solution of the linearized ODE (14) may be written as:
UðtÞ ¼ exp Ki Uið Þ½ ðt  tiÞð ÞUi
þ
Z t
ti
exp Ki Uið Þ½  tiþ1  sð Þð Þr Uið Þds; ð15Þ
where r Uið Þ ¼ ri ¼ Ki Uið ÞUi  ri Uið Þ is a constant forcing term. Fol-
lowing the concept of local linearization (Roy, 2001), the lineariza-
tion point (such that U* :¼ U(t*)) could be chosen anywhere in the
closed interval without affecting the formal error order in termsof the step size hi :¼ ti+1  ti. While our present choice of t* = ti
yields the explicit phase space linearization (PSL) (Roy, 2000),
choosing t* = ti+1 results in the implicit locally transversal lineariza-
tion (LTL) (Roy, 2004; Saha and Roy, 2007).
The explicit version of linearization is presently chosen due to
the computational expedience. The explicit PSL map corresponding
to the continuous update (15) at t = ti+1 may be written as:
Uiþ1 ¼ exp Ki Uið Þ½  tiþ1  tið Þð ÞUi
þ
Z tiþ1
ti
exp Ki Uið Þ½  tiþ1  sð Þð Þri ds; ð16aÞ
with ri ¼ Ki Uið ÞUi  r Uið Þ: ð16bÞ
One thus bypasses computing the inverse of the tangent stiffness or
its regularized modiﬁcations (as used in regularized Newton
methods).
While a detailed theoretical exploration of the above stabilized
system is outside the present scope, the following argument, pro-
posed in Ascher et al. (2007) and adapted for the present case, pro-
vides useful insight. Consider the singular value decomposition of
the tangent stiffness matrix KiðUiÞ :¼ Ki ¼ Vi diagðxjjj 2 ½1;nÞ
 
WTi ,
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by Eq. (16a), may be recast as:
Uiþ1 ¼Widiag ehix
2
j
 n o
WTi Ui þWidiag 1 ehix
2
j
  1
xj
 
VTi f i:
ð17Þ
Thus, the effect of recursion with a step size hi is to modify (regular-
ize) the terms containing the inverse x1i of the singular values,
especially near the lower end of the spectrum. Hence, while the
terms containing small xis get damped over ﬁnite recursions, the
ones containing larger-s remain nearly unaffected.
Nevertheless when some of the singular values in {xj} are
strictly zero (i.e. det(Ki) = 0 and the linearized system equations
are strictly singular), recursion through Eq. (16) would not con-
verge as the coefﬁcient matrix (involving matrix exponentiation)
does not lead to a contraction. This is the case, for instance, with
the tension ﬁeld approximation when one or more plane stress ele-
ments are entirely slack. In such a case, convergence must be
forced through a regularizing term. However, in order to compen-
sate for the associated error introduced, we correct for it by appro-
priately modifying the forcing term and thus arrive at the following
pseudo-dynamical form valid over t 2 (ti, ti+1]:
_UðtÞ þ ½Ki Uið Þ þ kiIUðtÞ ¼ r Uið Þ þ Ui þ kiIUi; ð18Þ
where I denotes an n  n identity matrix and ki is a strictly positive
scalar regularization parameter at the ith recursion. This ensures
that det(Ki + kiI) > 0 for all I and the effect of regularization, mea-
sured through the norm kikIU(t)  Uik, tends to zero as U(t)? Ui
with i, t?1. For a simpler implementation, we presently take
ki = k "i. We also note that we can recover a regularized (and cor-
rected) Newton based scheme from Eq. (18) by putting _U ¼ 0 and
t = ti+1. We thus have the scheme:
Uiþ1 ¼ Ki Uið Þ þ kI½ 1 r Uið Þ þ Ui þ kIUif g: ð19Þ
However, unlike Eq. (18), use of Eq. (19) requires repeated matrix
inversion and, as borne out later through numerical explorations
in Section 5, solution through the latter scheme is also likely to be1.0E-10
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Fig. 4. Results via regularized and corhighly sensitive to the choice of k. It may be noted that, while using
the 3D elasticity approach for ultra-thin membranes, the linearized
equations may be nearly singular and the regularized pseudo-time
approach, given by Eq. (18), may be usefully applied even in such
cases.
From a purely computational standpoint, the computation of
matrix exponentials is the key cost that might limit the viability
of the method for very large dimensional problems. In such cases,
one may exploit the sparse structure of Ki along with a Krylov sub-
space projection to speed up computations (Saad, 1989; Sidje,
1998). Both the Newton method (that requires matrix inversion
and hence O(n3) operations) and the pseudo-dynamical strategy
(that employs matrix exponentiation, again involving O(n3)) oper-
ations (Moler and Van Loan, 2003) have similar computational
overheads over a single iteration. Thus a possible difference in
the cost of computation should depend on the number of iterations
needed for convergence, given a tolerance, in each method.
The limited numerical exploration in Section 5 suggests that the
pseudo-dynamical approach typically needs marginally higher
number of iterations vis-à-vis its Newton counterpart. However,
an adaptive strategy for choosing the time step in the pseudo-
dynamical approach could reduce the number of iterations, making
it nearly as efﬁcient as the Newton method.
5. Numerical studies
In this section, the proposed pseudo-time relaxation scheme is
explored numerically for membrane problems.
5.1. Simulations using the tension ﬁeld approach
First consider a tension ﬁeld theory with mixed state stress
states, i.e. taut, wrinkled and slack (or bi-axial wrinkled). FEM
based on 4-noded bilinear (plane stress) elements is used to
model the membrane structure. The material of the membrane
has assumed to be linear and isotropic with Young’s modu-
lus = 100 MPa, Poisson’s ratio = 0.3. A square membrane with
length as 1000 mm (Fig. 3a) is considered. The membrane is85 106 127 148 169
Iterations
Lambda = 100
Lambda = 10
Lambda = 1
Lambda = 0.1
Lambda = 0.01
Lambda = 0.001
rected Newton scheme (Eq. (19)).
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20 mm at the top. For the FEM-based discretization, 100 4-noded
elements are used.
While implementing the pseudo-dynamical scheme for this
problem, uniform time step sizes, i.e. hi = h " i, have been consis-
tently made use of. States of ‘wrinkliness’ in the membrane, ob-
tained through the pseudo-dynamical approach, are shown in
Fig. 3b. It may be observed that nearly the entire portion of the de-
formed membrane is either wrinkled or slack. In Fig. 4, the residual
error norms via the regularized (and corrected) Newton scheme
are plotted for different values of the regularization parameter k
and the results show high sensitivity of numerical solutions to
variations in k. For instance, while k = 0.01 appears to be a near-
optimal choice (in that it produces very low residual norm at con-
vergence), small variations in the parameter affect the results in a
very signiﬁcant way. This happens as the Newton scheme requires
explicit inversion of the regularized system matrix (following
linearization).0 50 100
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Fig. 5. Convergence via pseudo-dynamicIn the pseudo-dynamical scheme, both k and h help regularize
the solution and it is of interest to ascertain the sensitivity of solu-
tions to variations in both of these parameters. In Figs. 5(a) and (b),
the dependence of pseudo-dynamical solutions on h is shown. Ob-
serve that, while the rate of convergence is rather slow for very low
values of h, both the limiting solution and the convergence rate re-
main nearly unaffected for any choice of hP 2.5. Moreover, solu-
tions do not sensitively depend upon the choice of h, especially
for h > 1. While obtaining these results, k = 1 has been used, a
choice that led to an unacceptably large residual error via the reg-
ularized Newton scheme (Fig. 4).
Next k is varied for a ﬁxed h = 1.0 and the solutions (through the
pseudo-dynamical scheme) plotted in Fig. 6 as functions of the
number of recursions. Once more, solutions hardly show any sen-
sitivity to variations in k for k 6 1. Precisely similar trends are ob-
served for other (especially higher) values of h. This may once more
be contrasted with the results using the regularized Newton
scheme over the same range of k.150 200 250
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Fig. 6. Convergence via pseudo-dynamic method for different k.
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points
Next, the same square membrane (as in the previous example)
is simulated via 8-noded Cosserat point elements as developed by
Nadler and Rubin (2003a) and the exponential pseudo-time inte-
grator. The strain energy functional, of the St. Venant type, is used.
Details of extra constitutive parameters may be found in Table 1 of
Nadler and Rubin (2003a). A uniform dicretization of the structure
has presently been adopted and consequently the internal length
parameters are simply the element length (L), height (H) and width
(B) (used for obtaining the averaged Cosserat force resultants and
the constitutive constants). For instance, the bending effects come
into play during the weighted averaging over element surface
areas involving H (as in beam and plate theories) leading to the
deﬁnitions of Cosserat surface force resultants fi (as in Eq. (8)).
Accordingly, as H becomes very small (as for ultra-thin mem-
branes), the bending effects tend to disappear.
When perfectly planar membranes are subjected to purely in-
plane loading (as in our case), the out-of plane, post-buckled defor-
mations do not get initiated automatically, even in the presence of
compressive stresses. One way to overcome this difﬁculty is to per-
turb the planar geometry slightly out-of-plane. In this manner, the
geometric perturbations (imperfections) will invoke the necessary
coupling between bending and membrane deformations. In order
to initiate the requisite membrane-to-bending coupling, pseudo-
random geometric imperfections (Tessler et al., 2003) are imposed
at the nodes of the originally planar membrane mesh. The imper-
fections (zi) are applied at every interior node of the mesh, and
the imperfection magnitudes may be computed as a function of
the membrane thickness as:zi ¼ arit; ð20Þwhere ri 2 [1,1] is the realization of pseudo-random variable at
node i and t is the thickness of the membrane. It is noted here that
the imperfection added is unbiased and not dependent on the ﬁnal
geometric equilibrium. The magnitude of the imperfection is de-
noted by a. While employing the regularized pseudo-time approach
based on Eq. (18), k = 103 has been consistently used.The membrane is discretized with only one point element in the
thickness direction. All the geometrical and material data are kept
the same as in the previous example. The out-of-plane deforma-
tions are shown in Fig. 7a–c for different mesh densities. It can
be seen that the tension ﬁeld theory is validated, since the ‘wrinkli-
ness’ pattern of the membrane (Fig. 3b) is seen to be consistent
with the deformed shapes in Fig. 7a–e as obtained via quadrilateral
Cosserat point elements.
Given the ill-conditioned nature of the governing equation, it is
also anticipated that the pattern and amplitude of the wrinkle
waves would be somewhat sensitive to the discretization of the
structure. This is readily veriﬁed in Fig. 7a–e. In particular, a very
slow convergence of the deformed shape is observed as the mesh
density increases.
The observations above, as well as the robustness of the pseu-
do-time scheme, are further veriﬁed in Fig. 8, which reports the de-
formed shape of the same membrane structure under an imposed
displacement of 200 mm at the top. Here it is noted that the pro-
posed pseudo-dynamical time integrator not only predicts the cor-
rect pattern of the wrinkles (as validated via tension ﬁeld theory),
but also provides a stable (divergence-free) algorithm to simulate
such ill-conditioned structures. However, the number of iterations
required for convergence is slightly higher when compared to the
regularized and corrected Newton–Raphson strategy, given by
Eq. (19).
In view of the sensitive dependence of the membrane response
on discretization errors, the effects of uncertain material character-
ization on the membrane response via the proposed algorithm also
need a closer look. Towards this, a random variation in the material
property is introduced at the element level through a similar var-
iation in the Young’s modulus as:
Eip ¼ E0 þ rE0Zi; ð21Þ
where Eip represents the perturbed Young’s modulus at the ith ele-
ment in the discretization, E0 represents the constant (non-random)
unperturbed Young’s modulus. Zi 2 [1,1] is a realization of a pseu-
do-random variable at element i and r represent the intensity of the
perturbation. We carry out the numerical work keeping all other
parameters the same as in the previous example. The results are
shown in Fig. 9 for two different applied displacements (at the
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Fig. 7. Cosserat point solution for 20 mm displacement; t = 50 lm: (a) 100  100  1 mesh; (b) 50  50  1 mesh; (c) 30  30  1 mesh; (d) 10  10  1 mesh; and (e) out-
of-plane displacement for different mesh density along A–A0 .
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uniform across all elements. While variations in the Young’s modu-
lus do affect the wrinkled shape and magnitude, such variations do
not appear to be too large. This is quite unlike a stronger mesh-
dependence of solutions in the previous example.6. Concluding remarks
A regularized and corrected pseudo-time relaxation strategy is
explored for computing the static response of thin membranes that
barely resist in-plane compressive forces. Onset of compressive
stresses in such structures results in the formations of wrinkles
and the governing equations are therefore either strictly or nearly
singular. These equations, herein derived through a 2D tension
ﬁeld approximation as well as 3D nonlinear elasticity, are thus
ill-conditioned and typically exhibit sensitive dependence, amongstothers, on themesh density andNewton iterations, typically used to
solve such nonlinear systems based on local linearizations using
directional derivatives.
However, it has been demonstrated herein, through the pro-
posed regularized pseudo-dynamical scheme, involving recursion
over a pseudo-time variable, followed by the exploitation of the
exponential integrators to solve the associated pseudo-ODEs, that
these provide a more robust alternative to handling such problems.
The error due to the regularizing term introduced to ensure
convergence of the resulting solution is compensated by making
use of an additional forcing term. The robustness of the approach
is also reﬂected in the near-insensitivity of solutions, so obtained,
on the choice of the pseudo-time step size and the regularization
parameter, which is used when the discretized and linearized sys-
tem matrix is strictly singular.
While the equations based on the 2D tension ﬁeld approach,
which can only predict the wrinkled and/or slack regions of the
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Fig. 8. Cosserat point solution for 200 mm displacement; t = 50 lm: (a) 50  50  1 mesh; (b) 30  30  1 mesh; (c) 15  15  1 mesh; and (d) out-of-plane displacement for
different mesh density along A–A0 .
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Fig. 9. Effect of material property variation (for a 50  50  1 mesh) on the out-of-plane displacement along A–A0: (a) 5 mm; (b) 20 mm applied displacement at the top ﬁber.
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stress elements, 8-noded Cosserat point elements are employed
for discretizing the nonlinear 3D elasticity equations, presently
used for obtaining the deformed membrane shape. In addition to
avoiding numerical integration of the weak form, the use of Coss-
erat points also helps alleviate, to an extent, hour-glassing and
thickness locking. Indeed, the combined use of pseudo-time relax-
ation, along with Cosserat point discretization of the 3D nonlinear
elasticity equations, provides an attractive alternative to geometri-
cally exact thin shell theories and thus avoids approximations
inherent whilst averaging over the thickness direction as well as
the numerically complicated treatment of ﬁnite rotations. More
work in this direction would constitute an interesting aspect of fu-
ture research.
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